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Abstract 

An HCMU metric is a conformal metric which has a finite number of singularities on a 

J ' compact Riemann surface and satisfies the equation of the extremal Kahler metric. In this 

. paper, we give a necessary and sufficient condition for the existence of a kind of HCMU 

p\J ' metrics which has both cusp singularities and conical singularities. 

X) 

(D 

i> : 

I— —I The extremal Kahler metric on a Kahler manifold was defined in [Ij by Calabi. The aim is to 
find the "best" metric in a fixed Kahler class on a compact Kahler manifold M. In a fixed Kahler 
Q , class, an extremal Kahler metric is the critical point of the following Calabi energy functional 

■ C{g) = I R^dg, 

where R is the scalar curvature of the metric g in the Kahler class. The Euler-Lagrange equation 
of C{g) is R^a(3 = 0) where R^a/B is the second-order (0, 2) covariant derivative of R. When M is 
a compact Riemann surface without boundary, Calabi proved that an extremal Kahler metric is 



1 Introduction 



> 

ly-j ' a CSC(constant scalar curvature) metric in [1]. This coincides with the classical uniformization 
theorem, which says that there exists a CSC metric in each fixed Kahler class of Riemann surface 
without boundary. 

cN : 

(•~^ , On the other hand, there have been many attempts to generalize the classical uniformiza- 

tion theorem to surfaces with boundaries. The main focus, started by the independent work of 
Troyanov[ll] and McOwen[9], has been to study the existence or nonexistence of constant curva- 
ture metrics on surfaces with conical singularities. But in general one should not expect to get a 
^ I clear-cut statement about the existence(or nonexistence) of solutions, since the constant curva- 
H ■ ture equation is overdetermined in this case. Therefore we can consider extremal Kahler metrics 
- ■ ■ with singularities as the generalization of constant curvature metrics on Riemann surfaces with 
conical singularities. In this paper, we study two kinds of singularities: cusp singularities and 
conical singularities. 

Now let S be a compact Riemann surface and {ai,a2, • • • , dn} be a finite set of S. We call 
a smooth metric g on T,\ {oi, 02, • • • , a„} an extremal Hermitian metric (v.s.[3]) if g satisfies 

AgK + K^ = C, (1) 
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where K is the Gauss curvature of g and C is a constant. This condition is equivalent to 

^ = 0. (2) 

One can refer to [4J for details. ([2]) has a special case 

K,,, = 0. (3) 

We call a metric an HCMU(the Hessian of the Curvature of the Metric is Umbilical) metric 
(v.s.[l]) if the metric satisfies ([3]). Obviously an HCMU metric can be regarded as a direct 
generalization of an extremal Kahler metric to a punctured Riemann surface. In the following 
we always assume that an extremal Hermitian metric or an HCMU metric has finite 
area and finite Calabi energy, that is, 

/ dg < +00, / K'^dg < +oo. (4) 

^E\{ai,a2,--- ,a„} JT:\{ai,a2,--- ,an} 

For a general extremal Hermitian metric (7 on S \ {oi, 02, • • • , a„}, if g( has cusp singularities 
at ai, a2, • • • , a„, X.X.Chen in [3] proved that g must be an HCMU metric and gave a classifi- 
cation theorem, and if g has conical singularities at ai,a2,--- , a„ and at each singularity the 

vr 

singular angle is less than or equal to — , G.F.Wang and X.H.Zhu in [12] proved that g is also 
an HCMU metric and gave a classification theorem. 

For an HCMU metric g on T, \ {oi, 02, • • • , a„} which is not a CSC metric, if g has conical 
singularities at ai, 02, • • • , a„, the first two authors in gave a sufficient and necessary condition 
for the existence of this kind of metric, that is. 

Theorem 1.1 ([7J). Let AI be a compact Riemann surface and pi,p2, ■ ■ ■ ,Pn be N points on 
M. Suppose that ai, 02, . . . , ckat are N positive real numhers(an 7^ 1, n = 1,2, . . . ,N ) and 
«!, Q!2) • • • ) ct J integers with aj > 2,j = 1, 2, . . . , J. Then there exists a normalized HCMU 
metric g on M such that g has conical singularities at pn with the angles 27ra„ {1 < n < N) 
and pi,p2, ■ ■ ■ ,Pj are the saddle points of the curvature K , if and only if 

J 

1. S = Y,(^j+x{M)-N>Q, 

i=i 

2. there are S distinct points {qi, q2, ■ ■ ■ , qs} C M \ {pi,P2, ■ ■ ■ ,Pn} such that we can choose 

L(0 < L < N — J) points in {pj^i,pj^2, ■ ■ ■ ,Pn} (w.l.o.g. we assume these points are 
Pj+i,Pj+2, ■ ■ ■ ,Pj+l), and T(0 < T < S) points in {qi, q2, ■ ■ ■ , Qs} (w.l.o.g. we assume 
these points are qi, q2, ■ ■ ■ , Qt), to satisfy 

J+L N 

i) amax = ^ ai + T > amin = ^ am + S - T > {), 

l=J+l m=J+L+l 

ii) there exists a meromorphic 1-form u on M satisfying 

J N s 

(a) (a;) = ^(a,- - 1)P, - J] Pfc - J] Qg, 

j=l k=J+l 5=1 

(b) ReSp^{io) = aai, I = J + 1, J + 2, . . . , J + L; Resp,^{uj) = aXam, m = J + 
L + 1, J + L + 2, . . . , N; Resg^ (a;) = a, fj, = 1,2, ... ,T and Resg^ (w) = aX, 

amax (2A + 1)2 

u = T + 1,T + 2, . . . , S , where A = and a = — 

amin 3A(A + 1) 
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(c) u + u is exact on M \ {pi,P2, ■ ■ ■ ,PN,qi,q2, ■ ■ ■,qs}- 



In fact from [7] we get any HCMU metric which is not a CSC metric and has conical singularities 
is determined by the following system: 



dK 



LV + U} 



-\{K - Ki){K - K2){K + Ki + K2) 
g = -^{K- Ki){K - K2){K + Ki + K2)uu 
^K{po) = Kq, K2 < Kq < Ki, po £ M \ {zeros and poles of m}, 



(5) 



where Ki > which is the maximum of the Gauss curvature K, Ki > K2 > 



which is the 



minimum of the Gauss curvature K and w is a meromorphic 1-form on M with the properties: 



1. Lo only has simple poles, 

2. the residue of uj at each pole is a real number, 

3. cj + cD is exact on M \ {poles of uj}. 



However ^ does not include the case that an HCMU metric has cusp singularities. Therefore 
we need to reconsider this case. In this paper we try to give a sufficient and necessary condition 
for the existence of an HCMU metric which is not a CSC metric and has cusp singularities and 
conical singularities. That is our main theorem: 

Theorem 1.2. Let T, be a compact Riemann surface and pi,P2, - ■ ■ ,Pl,Qi,Q2,' ' ' ,QJ be I + J 
points on > 0, J > 0). Suppose that ai,a2,--- ,ctj are J positive real numbers such that 
Oj 7^ 1, j = 1, 2, • • • , J, and ai,a2,--- ,aL are integers(L < J). Then there exists an HCMU 
metric g on T,\ {pi,P2, • • • ,Pi,Qi,Q2,- " ^Qj} which is not a CSC metric such that g has cusp 
singularities at pi, i = 1,2, ■ ■ ■ , I, has conical singularities at qj, j = 1,2, ■ ■ ■ , J , with the angle 
2iTaj respectively and qi,q2r ' ' ,QL are the saddle points of the Gauss curvature K , if and only 
if 

L 

1. 5:=5^az-/- J + x(S) >0, 

1=1 

2. there are S distinct points {ei,e2,--- ,65} C T,\{pi,p2, - ■ ■ ,Pi,qi,q2,- " such that 
there exists a meromorphic 1-form u on T, which satisfies 

L I J s 

(a) {u) = Y,{ai-l)Qi-Y,Pi- E Qi'-Y.^^' 

1=1 1=1 l'=L+l s=l 

(b) Resp^{uj) > 0, i = l,2,--- ,1, 

Resq^, (u) = Kail, I' = L + 1, L + 2, ■ ■ ■ , J, 
Rese^ (a;) = A, s = 1, 2, • • • , S", 
where A is a negative real number; 

(c) uj + u: is exact on T.\{pi,p2, - ■ ■ ,Pi,qi,q2,- ■ ■ , ei, 62, • • • ,es}. 

Here w^e declare that in the foUovifing any HCMU metric that v^e mention is not a 
CSC metric. In this paper we can get any HCMU metric with cusp singularities and conical 
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singularities is determined by the following system: 



dK 

g = -^{K-fif{K + 2fx)oj6j ^' 
^K{pq) = Kq, fj, < Kq < —2fi, pq £ T, \ {zeros and poles of u)}, 

where ^ < which is the minimum of the Gauss curvature K, —2fi is the maximum of the Gauss 
curvature K and a; is a meromorphic 1-form on S with the same properties as the meromorphic 
1-form in From 1^ we can obtain that the metric g just has cusp singularities at the poles 
of u where the residues of to are all positive and the Gauss curvature K just has the minimum 
IJ, at the cusp singularities of g. 

The contents of this paper will be organized as following. In Section 2, we will give definitions 
of conical singularity and cusp singularity and review some local results about an extremal 
Hermitian metric around a singularity. Then in Section 3.1, we will prove the necessity of the 
main theorem. In this section, we first study VK of an HCMU metric, then we define the 
dual 1-form of as the character 1-form of the metric, and then using the character 1-form 
we study the properties of g and K at cusp singularities of g, smooth singularities of VK and 
conical singularities of g, finally we give formulas for integrals of K"^ over S, n = 0,l,2,.... In 
Section 3.2, we will prove the sufficiency of the main theorem. In this section, first we study the 
solution of an ODE, then we use the solution to construct an HCMU metric which satisfies the 
given conditions. In Section 4, we will discuss the existence of the meromorphic 1-form in 



2 Definitions of singularities and local behaviors of an extremal 
Hermitian metric 

Definition 2.1 ([llj). Let X be a Riemann surface, p £ X. A conformal metric g on X is said 
to have a conical singularity at p with the singular angle 27ra(a > 0) if in a neighborhood of p 

g = e^''\dz\\ (7) 

where z is a local complex coordinate defined in the neighborhood of p with z(p) = and 

if - {a-l)ln\z\ (8) 

is continuous at 0. 

Remark 2.1. By ^ and (8\), in a neighborhood of a conical singularity p, the metric g can 
also be expressed as 

9=J^\d^\'^ (9) 

where h is a positive continuous function in the neighborhood of p and is smooth in the neigh- 
borhood except for the origin. By we have the following limit at p 

lim ^±i^^ = a. (10) 

Definition 2.2 ([3j). Let X be a Riemann surface, p G X . A conformal metric g which has 
finite area and finte Calabi energy on X is said to have a weak cusp singularity at p if in a 
neighborhood of p 

g = e^''\dz\\ (11) 
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where z is a local complex coordinate defined in the neighborhood of p with z{p) =0 and 

■ r\dA^P+hllde = ^{z = re^'\ (12) 
Jo Or 



1-2TT 

lim inf 



Definition 2.3. Let X be a Riemann surface, p £ X . A conformal metric g on X is said to 
have a cusp singularity at p if in a neighborhood of p 

g = e^^\dz\'', (13) 

where z is a local complex coordinate defined in the neighborhood of p with z{p) =0 and 

lim^ffL^^O. (14) 

2-5>0 ln|2;| 

X.X.Chen in |2] proved the following theorem: 

Theorem 2.1 ([2]). Let g = e'^^\dz\^ be a metric on a punctured disk D\{0} with finite area and 
finite Calabi energy. Define (f){r) = ^ J^^ ip{r cos 9, r sin 9) d9 . The following three statements 
hold true: 

(1) hm((/j + Inr) = — oo. 

r— s>0 

(2) \\m(j) ir)r exists and is finite. 

(3) There exist a constant f3 £ (0, 1) and two constants Ci and C2 such that 

^{(t){r) + Inr) + Ci < + Inr < l3{(j){r) + Inr) + C2. 

By Theorem 12. H we have the following corollary: 

Corollary 2.1. Let g = e'^'^\dz\^ be a metric on a punctured disk D \ {0} with finite area and 
finite Calabi energy. Then the following two statements are equivalent to each other: 

(1) g has a cusp singularity at 0. 

(2) g has a weak cusp singularity at 0. 

+ In r 

Proof. (1)^^(2): If g has a cusp singularity at 0, that is, lim — = 0, then 

r-s>0 In r 

lim i^S''i^ + ^-r)d9 ^ . ^.^ ^ ^ 

r->-o Inr r-s-o mr 

By (1) in Theorem 12. H lim(0(r) + Inr) = —00. By (2) in Theorem 12. H the limit 

r— 5>0 

(Inr)' r^o' 

f (/)(rj ~\~ In r 
exists and is finite. Then by L'Hospital's Rule, lim (0'(r)r + 1) = lim = 0, which 

r-s>0 r-s>o In r 

implies that is a weak cusp singularity of g. 

(2)^(1): First by (2) in Theorem lO and L'Hospital's Rule, 

<j)(r) + Inr r ,// \ 

lim ; = lim((p (r)r + 1). 

r^o Inr r^O 
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f^"" d(ip + lnr) 

Since is a weak cusp singularity of g, liminf / r d9 = 0, which means 

''^0 Jo dr 

(h(r) + Inr , , , 

hm -^M = hm 0' r r + 1=0. 

r^O Inr r~^0 

By (3) in Theorem 12 .![ there exist /3 € (0, 1) and two constants Ci and C2 such that 
^(</)(r) + hir) + Ci < 99 + Inr < /3(</)(r) + Inr) + C2, 

so 

1 (?!)(r) + Inr ^ Ci ^ + Inr ^ p^^"^^ + Inr ^ C2 
P Inr Inr ~ Inr ~ Inr Inr 

+ In r 

Then lim — = 0, which shows is a cusp singularity of g. We prove the corollary. □ 

r-s>o In r 

Then X.X.Chen in [3] proved the theorem: 

Theorem 2.2 ([3j). Let g = e'^^\dz\'^ be an extremal Hermitian metric in a punctured disk 
-D \ {0} with finite area and finite Calabi energy, then 

lim Izp e^'^ = 0. (15) 

Further X.X.Chen in [3] proved the following theorem: 

Theorem 2.3 ([3j). Let g = e'^^\dz\'^ be an extremal Hermitian metric on a punctured disk 
D \ {0} with finite area and finite Calabi energy and suppose g has a weak cusp singular point 
at z = 0. Then the following statements hold 

(1) There exists a constant Ci such that 

\K,,,\ ■ \z\ < Ci. (16) 

(2) There exists a constant C2 such that 

\K,,\<C2-\z\-e^'P. (17) 

(3) There exists a negative constant C3 such that 

WmK = C3. 

3 Proof of the main theorem 

3.1 Proof of the necessity of the main theorem 

Let S* = S \ {pi,P2, ■ ■ ■ iPii qii q2, ■ ■ ■ , Qj}- Since g is an HCMU metric on S*, then on S* 

K,,, = 0, 

which is equivalent to the fact that 

d 



oz 

is a holomorphic vector field on S*. Since an HCMU metric is an extremal Hermitian metric, 
on S* 

AgK + = C. (18) 
We will first prove the following proposition: 
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Proposition 3.1. There exists a real constant C such that 

, K'^ 

-4y/^VK{K) = + CK + C' on J:*. (19) 

3 

Proof. Since g is not a CSC metric, there exists p £ T,* such that dK{p) / 0. Let (C/, z) be a 
local complex coordinate chart around p such that U is connected and dK does not vanish on 
U . Suppose g = e'^^\dz\'^ on U . Then on U 

VK = V^K'^^ = ^e-^^K,^ 
oz oz 

and 

4i^,,- = (C-i^V- 
Let F = Ae-'^'PRz, then F is a holomorphic function on U and does not vanish on U . Therefore 



2\ 



iK,, = iC- K^)e^^ = {C-K , ^ , 
so 

J-^zz — V p Jzj 

-^ + CK 

which means Fi = is a holomorphic function on U. Then 

FK, = -— + CK + FFi. 

Since FK^ = 4:e~^'^ K^K^ = Ae~'^^\Kz\'^ is a real function, FFi which is a holomorphic function 
on [/ is a real constant. We denote it by C[j, so we have 

-A^/^yK{K) = FK, = — — + CK + C[j onU. 

Next let & = {p £ T,*\dK{p) = 0}, then since g is not a CSC metric © is a discrete set 
of S*. Pick any point q G 6 and let (Vjiv) be a local complex coordinate chart around q such 
that w{V) is a disk and dK does not vanish on F \ {q}. Suppose g = e'^'^\dw\'^ on V. Then 
G = 4:e~'^'^Ki[, is a holomorphic function on V and does not vanish on y \ {q}. Similar to above, 
there is a real constant C'y such that 

GK^ = -— + CK + Ci. onV\{q}. (20) 
Since both sides of ([20]) are continuous at q, we have 

-4:y/^VK{K) = + CK + Cy onV. 

3 

Consequently —4\/—l V-fr(iir) H Cii' is a locally constant function on S*. Since S* 

3 

is connected, — 4v — IV-R'(if) H CK is a global constant on S*. Therefore there is a real 

3 

constant C" such that 

-iV^VK{K) = + CK + C' on S*. 

3 

We prove the proposition. □ 
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Define 6 = {p G Ti*\dK{p) = 0}. Then we have the following proposition: 



Proposition 3.2. (3 is finite. 



Proof. If 6 is infinite, then & has cluster points in S since S is compact. Suppose e* S S is one 
of the cluster points of &. Obviously e* ^ S*, so e* = pi, some i, i £ {1,2, . . . , 1} or e* = g^j, 
some j, j e {1,2, . . . , J}. 

Case 1: e* = pi, some i, i G {1, 2, . . . , /}. 

Let {U,z) be a local complex coordinate chart around pi such that U \ {pi} C S*, -2(^7) 
is a disk D and = 0. Suppose g = e^'^jdzp on [/ \ {pi}. Let F = 4e"2'^iir5, then by 
(2) in Theorem 12.31 F is actually a holomorphic function on D and has a zero at 0. Since 
Pi is a cluster point of (3, is a cluster point of the zeros of F. Then F = on D, which 
means = on S*. It is impossible. 

Case 2: e* = qj, some j, j G {1,2, . . . , J}. 

Let {V,w) be a local complex coordinate chart around qj such that V \ {qj} C S*, ■w{V) 
is a disk _D' and ■w(gj) = 0. Suppose g = e^'l'\dw\'^ onV\ {qj}. Let G = Ae~'^'^Ku,, then G 
is a holomorphic function on D' \ {0}. Since qj is a cluster point of S, is a cluster point 
of the zeros of G. Then is a zero of G or an essential singularity of G. If is a zero of 
G, we can get G = on D'. It is impossible. Therefore is an essential singularity of G. 
By Theorem 12.21 

lim \w\'^ ■K-e^'l' = {). 

«)— >o 

On the other hand, since qj is a conical singularity of g with the angle 2TTaj, by ([9]) there 
exists a positive continuous function h on D' such that 

^'^ = ^;^ onZ?'\{0}. 

Therefore we have 

lim • =0. (21) 

By Proposition 13. H ([19]) holds on 1/ \ that is, 
1 

• h ■ = + CK + C' on \ {0}. 

4 3 

Then by (f2T]l . there exists 6 E IN such that 

lim |Gp • = 0, 

which means 

lim \G-w^\ =0. 

ui— >0 

It is a contradiction since is an essential singularity of G. 

Consequently we exclude Case 1 and Case 2. That means & is finite. We prove the proposition. 

□ 



Now let © = {ei, 62, • • • , es} and S' = S* \ &, then VK has no zeros on S'. We define 
the dual 1-form of VK as the Character 1-form of g. Locally let (11,3) be a local complex 
coordinate chart on S' and suppose g = e^"|(i3p on il, then 



VK 



-T d 

-1-- onil. 
4 93 
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d-d 

Define the Character 1-form a; = — on H. Then we have the fohowing proposition: 
Proposition 3.3. u has the following properties: 

(1) Lxj is a meromorphic 1-form on S. 

(2) OnYJ, 

dK = ( — — + CK + C')uj (22) 



or equivalently 



(3) OnT,', 



dK = { — - + CK + C'){uj + oj). (23) 



g = 4( + CK + C')ujLd. (24) 

3 



Proof. (1): Obviously uj is holomorphic on S'. By (2) in Theorem 12.31 each pi,i = 1,2, ■■ ■ ,1, 
is a pole of uj. Since each e^, s = 1, 2, • • • , S", is a zero of VK, each e^, s = 1, 2, • • • , 5, is a 
pole of u. Pick any qj,j = 1,2, . . . , J, and let {U, z) be a local complex coordinate chart 
around qj such that U \ {qj} C S', z{U) is a disk D and z{qj) = 0. Suppose g = e'^'^\dz\^ 
on [/ \ Then F = Ae~'^'^ is a holomorphic function on I? \ {0}, so is a removable 
singularity or a pole or an essential singularity of F. Then we can use the same argument 
in Case 2 in the proof of Proposition 13.21 to prove is not an essential singularity of F. 
Hence is a removable singularity or a pole of F, which shows qj is a regular point or a 
dz 

pole of a; (note uj = — on U \{qj}). Then we finish the proof of (1). 
F 

, (3): Pick any point p E S' and let {y,w) be a local complex coordinate chart around p such 
that w{V) is a disk D' and w{p) = 0. Suppose g = e^'^ldwp on V. Then G = Ae'^'I'Ku, is 
a nonvanishing holomorphic function on V. Since (|19p holds on V, we have 

GK^ = -^ + CK + C', 

that is, 

K^dw = {-^ + CK + C')^, 
dK\v = {-— + CK + C')uj\v, 

o 

so we prove (2). 

On the other hand, G = Ae~'^'^Kyj, that is, e^^ = , which means 

Gr 

g\y = e'^'^dwdw = —AKyjdw = uj\vAdK\v = 4( — — + CK + C')uj\vuj\v- 
G o 

Then we prove (3). 

□ 



which is 
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In the following we will study the roots of h CK + C = 0, the canonical divisor of uj 

3 

and the residues of uj. 

First by (3) in Theorem 12.31 K is continuous at each pi,i = 1,2,- •• ,/, and there are / 
negative numbers 61,62,- ■■ ;6/ such that lim = = 1,2,- •• ,/. Then we have the 

following lemma: 

Lemma 3.1. Each bi,i = 1,2, I , is a root of h CK + C = . 

3 

Proof. Pick any pi and let {U, z) be a local complex coordinate chart around pi such that 
U \ {pi} C S', z{U) is a disk D and z{pi) = 0. Suppose g = e^'^'ldzp on U \ {pi}. Then 
F = 4:e~'^'^K2 is actually a holomorphic function on D and is a zero of F on D. Next on 
U \ {pi} (Uni) holds, that is, 

1 /T^ 
4' ' 3 

Since is a zero of F, we assume F = zF on D, where F is a holomorphic function on D. Then 
on D \ {0} 

-\Ff\z\h^^ = i|F|2e2(^+i--) = -^ + CK + C', (25) 
where r = It follows from (1) in Theorem 12.11 that 

= —^ + Ch + C'. 

Then we prove the lemma. □ 

By Lemma |3.H we get h CK + C =0 has not a triple root. Otherwise 

3 

-^ + CK + C' = -^iK-af, 

then a = 0, but by Lemma 13.11 each bi,i = 1, 2, • • • , /, which is negative is a root of h 

CK + C" = 0. It is a contradiction. Therefore there are four cases to consider: 

K^ 1 
(CI): - — + CK + C' = --{K-2^)[{K + + II*], where ^i<0, /x* > 0. 
o o 

K^ 1 
(C2): — — + CK + C' = --{K - 2n){K + nf, where /x < 0. 
o o 

1 

(C3): - — + C7K + C" = --(K-^)(i>C-^*)(if + ^ + /i*), where /X //X*, ///-(/i + ^*), /x* > 

o o 

— + fi*) and there exists some 6j such that 6j = /x. 

ET^ 1 
(C4): — — + CK + C' = --{K - iif{K + 2ii), where /x < 0. 

Next we will exclude (CI), (C2) and (C3). First we exclude (CI): 
Lemma 3.2. (01) can not hold. 
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Proof. Suppose that (CI) holds. Pick any pi and let {U,z) be a local complex coordinate chart 

around pi such that U \ {pi} C S', z{U) is a disk D and z{pi) = 0. Suppose g = e^'^jdzp on 

U \ {pi}. Then F = 4e~'^^Kz is a holomorphic function on D, is a unique zero of -F on D and 

dz 1 
oj = — on U \ {pi}. Suppose — has the following expression on D \ {0}: 
F F 

r z'^ z^ z ^-^ z*^ 

m=0 

where ^{z) is a holomorphic function on D with $(0) = A_jt 7^ 0. Then 

u; = ^ = — d^ + d/i, (27) 

z 

where /i = , and /2 is a holomorphic function on D with /2(0) 7^ 0. By Proposition 
ESI on [/ \ {pi} (I23D holds. Then we substitute oj = —dz + dfi and + CK + C = 

-^(iT - 2fi)[{K + ^)2 + p*] into dSI) to get on U \ {pi} 

O 



Suppose 



Then 



1 _ A ^/32(if + /U) + /33 



(K-2/i)[(K + /i)2 + ^*] K-2fi' (i^ + /i)2 + /i* • 



(K-2^)[(i^ + ^)2 + ^*] 
d{/3i ln(2M - i^) + ^ ln[(K + f,)^ + + ^ arctan :^^}, (29) 

where we use the fact that on U \ {pi} (j24p holds, so 

1 

-— + CE: + C" = --(E:-2^)[(ir + /i)2 + /,*] >0 on 

which implies K < 2fj. on U \ {pi}- By (j28l) and (p9|) . we have A_i G E,. Then we can integrate 
both sides of ([28]) to get on L» \ {0} 

(-3){/3i ln(2^ -K) + ^ ln[{K + + /i*] + ^ arctan ^^^} = 

A_iln|z|2 + 2i?e(/i) + c, (30) 

where c is a real constant. 

Next since on U\{pi] holds, 



that is, 

1 2^l-K A[{K + + p*mz) 
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(/? + ln|2;| 
Then lim — - — — — = implies 

z^o in\z\ 

^.^ ln(2^-K) ^ (31) 
2^0 ln|2;| 

If A; = 1, then hm — ^ — ^ = 0. Divide both sides of (I30p by In \z\, let 2; — >• and take limits. 

z-^o ln\z\ 

We get 

z-)-6 In I z 



lin,tM!!^(^ = A_., (32) 



SO A_i = 0. It is impossible, li k > 1, then lim ^"^^^, , = 2(k - 1) > 0. We rewrite (OOI) to 

2-s-o ln|z| 

be 

(-3){/3i ln(2/i -K) + ^ \n[{K + + ^ arctan = 

2 ^yf^* ^/i* 



Multiply both sides of ([33]) by z^-^ to get 



A_iln|zp + -^ + -^ + c. (33) 



(-3){/3iz'=-i ln(2/i -K) + ^z'"'^ ln[{K + fif + /i*] + ^z^^"^ arctan ^^^} = 

2 V/i* v/i* 

k—l 

A_iz^-i In + /2 + + cz'=-^ (34) 

Let 2; — )■ on both sides of (IMl) and take limits. Note 



lim z'^-i ln(2^ -K) = lim M2/i j^i ^ 

2-s>o 2-s>0 ln|2;| 

Therefore we get hni 3^— j- = A, A^O. It is impossible. Consequently we exclude (CI). □ 

Then we exclude (C2): 
Lemma 3.3. (C2) can not hold. 

Proof. Suppose that (C2) holds. Pick any pi and let {U, z) be a local complex coordinate chart 

around pi such that U \ {pj} C S', z{U) is a disk D and z{pi) = 0. Suppose g = e^'^jdzp on 

U \ {pi}. Then F = Ae~'^^Kz is a holomorphic function on D, is a unique zero of -F on Z) and 

dz 1 
LO = — on U \ {pi}. Suppose — has the following expression on D \ {0}: 
F F 

i = ^ + ... + ^ + ^+f;A„.." = 2^, (35) 

F z'^ z^ z ^ z*^ 

m=0 

where $(2;) is a holomorphic function on D with ^*(0) = A_fc ^ 0. Then 

dz A 



F z 



-dz + dfi, (36) 
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/2 . 

where /i = —^zr[ /2 is a holomorphic function on D with /2(0) 7^ 0. Similar to the proof of 

A_i 1 
Lemma [321 we substitute w = dz + d/i and — — + C-fT + C = "^(-^ ~ + into 

([23]) to get on [/ \ {pj 



Suppose 



Then 



dK 



(ir-2^)(K + /.)2 



d[pi ln(2/i -K) + p2H-^^-K)- -^^] , (38) 
where we use the fact that onU\ {pi} ([M|l holds, so 

_ftr^ 1 

-— + CK + C' = --{K-2^i){K + ^if>Q on 

that is, K < 2fi < — /i. By ([37[) and ([38[) . we have A_i G M,. Integrate both sides of ([37[) to get 
on D \ {0} 

(-3)[/3iln(2^-ir) + /32ln(-^-ir) 



A_iln|z|2 + 2i?e(/i) + c, (39) 



where c is a real constant. 

On the other hand, since on U \ {pi} ([24p holds, 

that is, 



1 2l^-K 4(i^ + /.)2|$|2 



(f + ln \z\ 
Then lim — - — -- — = implies 

z-s>0 ln|z| 

limi%^ = 2(A;-l). (40) 
z^o ln\z\ 

Finally we use the same method in the proof of Lemma [3.21 to get whether A; = 1 or A; > 1, there 
exists a contradiction. Hence we exclude (C2). □ 

Finally we exclude (C3): 
Lemma 3.4. (C3) can not hold. 
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Proof. Suppose (C3) holds. Fix a point pi which satisfies bi = fi. Let {U, z) be a local complex 

coordinate chart around pi such that U \ {pi} C S', z{U) is a disk D and z{pi) = 0. Suppose 

g = e^'^|(izp on U\{pi}. Then F = Ae~'^^Kz is a holomorphic function on D, is a unique zero 

dz 1 
of F on and oj = — onU \ {pi}. Suppose — has the following expression on \ {0}: 
F F 

r z'' z'^ z ^-^ z^ 

m=0 

where ^{z) is a holomorphic function on D with <I'(0) = A_/j 7^ 0. Then 

dz A 



-dz + dh, (42) 



/2 

where /i = , and /2 is a holomorphic function on Z) with /2(0) 7^ 0. Then we substitute 

w = —dz + d/i and h Ci^ + C" = --(K - i^)(K - fi*)(K + + fi*) into (IMl) to get on 

z 3 3 

(-3)7^^ Vzr "^fvR-^ ^ *^ = ^ + — + di2Reih)). (43) 

{K-fj.){K-fj,*){K + ^ + li*) z z 

Suppose 



{K - n){K - n*){K + n + ^i*) K-n K - K + n + fi* 
Then 

(i^_^)(i^_^*)(K + ;, + ^*) - 
d{(3iln\K - fi\ + P2ln\K - fi*\ + PslnlK + fi + fi*\). (44) 

Similar to above, A_i G IR. Integrate both sides of ([I3|) to get on D \ {0} 

(-3)(/3i ln|K-/x| +/32ln|K-/x*| +/33ln|ZC + ^ + /i*|) = 

A_iln|zp + 2i?e(/i) + c, (45) 

where c is a real constant. 

On the other hand, since on U \ {pi} holds. 



4,_ |^>P 

\z\' 



that is, 

1,^ |K-/i| ^ 4|ZC-^*||ZC + ^ + /i*||$|2 
^^^2^ U|2fc +1'^- 



(/7 + ln|z| 
Then lim — - — -- — = implies 

z^o ln|z| 

lim = 2(A: - 1). (46) 

z^o ln|z| 

We can also use the same method in the proof of Lemma 13.21 to exclude (C3). □ 
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By Lemma l3.ll Lemma 13.21 Lemma 13.31 and Lemma 13.41 we obtain the following theorem: 
Theorem 3.1. There exists a negative number n such that bi = b2 = ■ ■ ■ = bj = fi and 

1 

-— + CK + C' = --{K - fi)\K + 2/x). 

Proof. Since we have excluded cases (CI), (C2) and (C3), (C4) holds, that is, \-CK + C' = 

3 

— — (JC — /i)2(i^ + 2/i), where fi < 0. By Lemma 13.11 each 6j, i = 1, 2, • • • , /, is a root of 

h CK + C =0. Since (C4) holds, h CK + C =0 has a unique negative root /i. 

3 3 
Hence bi = b2 = • • • = bj = fi. We prove the theorem. □ 

By Theorem 13. H we get on S' K < —2fi. Then there are two possibilities: one is Vp G S', 
K(j)) < yu; the other is Vj? £ T,', fj. < K{p) < —2//. In the following we will get Vp £ T,', fi < 
K{p) < —2fi. Before the result, we will give the following three lemmas. 

Lemma 3.5. If^p £ S', K{p) < fi, then each pi, i = 1,2, ■ ■ ■ ,1, is a simple pole of uj and the 
residue of lo at each pi, i = 1,2, ■■ ■ ,1, is a negative real number. 

Proof. Pick any pi and let {U, z) be a local complex coordinate chart around pi such that 

U \ {pi] C S', z{U) is a disk D and z{pi) = 0. Suppose g = e'^^\dz\'^ on U \ {pi}. Then 

_ dz 
F = Ae '^Kz is a holomorphic function on D, is a unique zero of F on D and uj = — on 

U \ {pi}. Suppose — has the following expression on D\ {0}: 
F 

r z'^ z^ z ^-^ z'^ 

m=0 

where $(-z) is a holomorphic function on D with $(0) = A_jt 7^ 0. Then 

u; = ^ = — d^ + d/i, (48) 

where /i = . and /2 is a holomorphic function on D with /2(0) 7^ 0. Then we substitute 
UJ = —dz + dfi and + CK + C = -^{K - ^xf{K + 2/i) into ([23]) to get onU\ {pi} 

Zoo 



'-^'(7w|^~ + ¥''^- + W0). (49) 

Suppose 



(K-//)2(K + 2/i) K + 2/i {K-iif 
1 1 



Then /3i = 7^^, /?2 = -777^, /^a = — and on [/ \ {pi} 



'^^ Mln{-2f,-K)-ln{f,-K)--^]. (50) 
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We can also get A_i G R. Integrate both sides of ([Ml) to get on D\ {0}, 
i-3(3i)[ln{-2fi - K) - ln{fi - K) ' 



where c is a real constant. 
On the other hand, 



A_iln|zp + 2/?e(/i) + c, 



4 o I^P 

e^^ = --(K-/x)2(K + 2/i)-' ' 



that is, 



1,^ , 4(-2^-i^)|$|2 



y + ln|z| . 
lim — - — -- — = U implies 

m\z\ 



2' UP'^ 3 



z^o ln\z\ 

Suppose that k > 1. Multiply both sides of (f^T]) by ^ — if to get 

{^i - if)(-3/3i)[ln(-2M -K)- ln(^ - K) + = 

/J, — K 

(/i - K)(A_i In + 2i?e(/i) + c). 
Then let z — t- on both sides of (j53p and take limits to get 

lim(/i - K)2Re{h) = lim(^ - if)(^ + ^) = -9/3i;U. 

Suppose 

f2{z) = Vq + Zh{z), 

where z/q is a nonzero complex number and f^{z) is a holomorphic function on D. Then 

f2{z) h{z) 

-^ = ^ + ^ ™ ^\{o}. 

We claim that ^ 

lim ^ , = 0. 

s>0 Z'^ ^ 

ln(u — if) - n „ II t- /r ■ n i\ ln(u — if ) 

Since lim — - — = k — 1, it z satisnes < |z| < oi (oi is small enough), — - — 

2-s>0 ln|z| ln|z| 

k — 2. Then ln(^ — K) < din |2;|, that is, fi — K < \z\'^, so 

IL-K \z\'^ 



Hence (|55]) holds. By (j55|) . we also get 



lim ^ = 0. 



Then by ([MD, dSS]) and (f56|). 
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Let I/O = 1^1 + V-Iu2{t^i, U2 G IR.) and z = re^"^^(0 < r < ^2, < 6^ < 27r). Then 
^ + ^ = ^[i^i cos(A; - 1)^ + U2 sm{k - 1)6] 

and dnZD is 

2 

lim(/i-i^)-7— h cos(A;- l)6' + z/2sin(/c- 1)6'1 = -9;3i/i. (58) 
r—>-0 r'^ ^ 

Now fix a 00 G [0, 2it) such that 



— 1/2 

cos{k — 1)6*0 



sm{k — 1)6q 



'1 , ■ 



Then 



2 

lim[/i — i('(r cos ^O) ^ sin ^o)] [^i cos(A; — 1)^0 + ^2 sin(A; — l)0o] = — 9/3i/i / 0, 



r— ^0 r 
however, since vi cos(/c — 1)6*0 + ^2 sin(/c — 1)^0 = 0, 

2 

nm[^ — Kir cos ^O) sin^o)]— irrri^i cosffc — 1)6*0 + ^'2 smik — 1)0q\ = 0. 
r— >-o r*^ ^ 

It is a contradiction. 

Consequently A; = 1, that is, pi is a simple pole of w. Further divide both sides of ([5T]) by 
In |z|, let z — >• and take limits to get 



lim 



>0 (i^ — /x) In \z\ 

Therefore Resp.{uj) = A_i < 0. We prove the lemma. □ 
Lemma 3.6. //Vp G S', K(p) < ^, then 6 = 0. 

Proof. If 6 7^ 0, pick a and let [U, z) be a local complex coordinate chart around such that 
U \ {e,} C S', z(C/) is a disk D and z(e,) = 0. Suppose g = e^^jdzp on U. Then F = Ae-'^^K^ 

dz 

is a holomorphic function on D, is the unique zero of F on D and w = — on U\{es}. Suppose 

F 

1 

— has the following expression on D \ {0}: 
F 

+ + ^ + A.„.- = 1W, (59) 

r z'^ z^ z ^-^ z*^ 

m=0 

where ^i^z) is a holomorphic function on D with ^(0) = A_jt 7^ 0. Then 

uj = ^dz + dfi, (60) 

where /i = ^ and /2 is a holomorphic function on D with /2(0) 7^ 0. 
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On one hand, on D \ {0} 

then 

\\m.{-2^i - K){K - iif = 0. 

2— >0 



Since Vp € S', K{p) < /i, we get 



Hm K = Kics) = )U. 

2—^0 



Further we obtain 

lim = A, A > 0. (61) 



2^-0 \z\ 



A-i /T'^ 1 

On the other hand, we substitute lo = dz+dfi and — - — \-CK+C = —-{K—^) {K+2ii) 

Zoo 

into (j23l) and integrate to get on I? \ {0} 



A_ihi|zp + 2i?e(/i) + c, (62) 

where A_i, c G R. Then multiply both sides of (|62|) by \z\^ , let z — >• and take limits. By 
()6ip . the limit of the left side is a nonzero real number. The limit of the right side is 0. It is a 
contradiction. Therefore we prove the lemma. □ 

Lemma 3.7. Ifip G S', K{p) < fj,, then each qj, j = 1,2, ■ ■ ■ ,J, is not a pole of uj. 

Proof. Suppose some qj is a pole of uj. Let {U,z) be a local complex coordinate chart around 
qj such that U \ {qj} C S', z{U) is a disk D and z{qj) = 0. Suppose g = e'^^\dz\'^ on U \ {qj}- 

dz 

Then F = 46" 

^ Kz is ^ holomorphic function on D , is the unique zero of F on D and w — -z^ 



1 

on [/ \ {qj}. Suppose — has the following expression on I? \ {0}: 
F 



F z'^ z^ z ^ z*^ 

where ^{z) is a holomorphic function on D with ^(0) = X^k 7^ 0. Then 

u} = ^dz + dfi, (64) 

where /i = , and /2 is a holomorphic function on D with /2(0) 7^ 0. 
Then similar to above, we can get on D \ {0} 

3/i 



(--^)[ln(-2;u-i^)-ln(^-i^) 



A_iln|zp + 2iie(/i) + c, (65) 



where A_i, c G K,. 
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On the other hand, since qj is a conical singularity of g with the singular angle 27raj, we 
suppose 

g = e^'^ldzl^ = j-J^\dzf on D\{0}, 
where h is a positive continuous function on D. By ()24p . 

" 1(/^-M)=(A- + 2,)J*l'' 



Then 

Since Vp G S', < ^u, 

Further we get 



lim(-2^-i^)(E:-^)2 = 0. 



lim K = u. 



U — K , , 
hm , 7, , , — = A, ^ > 0. 

" I fe— l+a,- ' 



Then multiply both sides of (j65p by , let z — )• and take limits. The limit of the left 

side is a nonzero real number. The limit of the right side is 0. It is a contradiction. Therefore 
we prove the lemma. □ 

Now we can get the following theorem: 
Theorem 3.2. Vp G S', < K{p) < -2//. 

Proof. Otherwise Vp G E', K{p) < fi. Then by Lemma l3.5t each pi is a simple pole of uj and the 
residue of uj at each pi is a negative real number. Since cj is a meromorphic 1-form on S, the sum 
of the residues of co is zero. That means w must have other poles besides pi,P2,- " ^Pi- Obviously 
the set of these poles of uj besides pi,P2,- " ,P7 is a subset of {ei, 62, • • • ,es,qi,q2,-" ; Qj}- By 
Lemma 13.61 (3 = and by Lemma 13.71 each qj is not a pole of uj. It is a contradiction. Hence 
Vp £ T,' , fi < K{p) < — 2/i. We prove the theorem. □ 

Next we will get a theorem about the cusp singularities: 

Theorem 3.3. Each pi, i = 1,2, ■ ■ ■ ,1, is a simple pole of uj and the residue of uj at each pi is 
a positive real number. 

Proof. Using the similar argument in the proof of Lemma [3.5f the only difference is in the proof 
of Lemma 13.51 -K" < fi, but here K > n), we can prove this theorem. □ 

Then a theorem about (3 will be obtained. 

Theorem 3.4. If&^0, then each Cg, s = 1,2, S , is a simple pole ofuj, the residue of uj 
at each Cg, s = 1,2, ■ ■ ■ , S, is ^ and K(es) = —2fi, s = 1,2, ■ ■ ■ ,S. 

Proof. Suppose that & ^ 0. Pick any and let (U,z) be a local complex coordinate chart 
around Cg such that U \ {cs} C S', z{U) is a disk D and z{es) = 0. Suppose g = e'^'^\dz\'^ on U. 
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_9 ■ • • 

Then F = 4e '^K^ is a holomorphic function on D, is the unique zero of F on I? and to = — 

1 

on U \ {eg}. Suppose — has the following expression on D \ {0}: 
F 

^ = ^ + --- + ^ + — +f;A™^™ = ^, (66) 

where ^{z) is a holomorphic function on D with ^{0) = X-k 7^ 0. Then 

A 



-dz + dfi, (67) 



/2 

where /i = , and /2 is a holomorphic function on D with /2(0) 7^ 0. 
Then first on D \ {0} 



A_iln|zp + 2i?e(/i) + c, (68) 

where A_i, c G IR. 

On the other hand, on D \ {0} 

e2^ = _ (K_^)2(K + 2/i)^. 

Then 

lim(i^-/i)2(-2/i-if) = 0. 

2— !>0 

Since K is continuous at Cg, K{es) = fi or K{es) = — 2/i. If K{es) = fJ-, then 

lim = Ai, Ai > 0. 

z^O \z\ 

Multiply both sides of ()68p by jz]'^, let z — )• and take limits. The limit of the left side is a nonzero 
real number. The limit of the right side is 0. It is a contradiction. Therefore K[es) = —2^ and 

, -2a- K 

lim — f-^, — = A2, A2 > 0. 

Then 

z->-0 ln|z| 

fe-i 



If k > 1, multiply both sides of ([USD t>y to get 



r)[ln(-2^-if)-ln(i^-^) 



fc— 1 

z'^-U-i In + /2 + + c/-i. (70) 



Then let z — )• on both sides of (j70|) and take limits. By (l69|l . we get 



lim ^^ = A3, ^3 /O. 
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It is impossible. Hence k = 1, that is, Cg is a simple pole of co. Then divide both sides of (168 
by In \z\, let z — )• and take limits to get 



1 , ln(-2n-K) 

^ lim \ ^ , ^ = 2A_i. 

3//^ z->-o In \ z 



By (l69l) . A_i = ReSeJoj) = tj- Therefore we prove the theorem. □ 



Next we will consider the conical singularities of g, qi,q2,- " ^QJ- First we get the following 
result: if the singular angle of g at qj is 2-k, then qj is a regular point of g. Before the result, we 
will give a lemma: 



Lemma 3.8. Suppose that Q is a domain in and G 17. Let f be a continuous function on 

K 

n \ {0}, Vi/, = 1, 2, • • • ,N, then / E C7i(0). 



fl and f\n\{o} S C^{il \ {0}). // there exist gi,g2, • • • ,gN & C^{il) such that = g^, holds on 



df 

Proof. In fact we only need to prove that / has partial derivatives at and — — (0) = gu(0) , Vi^, u = 
1,2,--- ,N. 

Pick any v. Suppose that (0, • • • , t, • • • , 0) G as t G [-A,A](A > 0). Define T{t) = 
/( O,--- ,0) , t G [0, A]. Then r{t) is continuous on [0, A] and T'{t) = g^( 0,--- , t , ••• ,q ),Vt G 

U V 

(0, A). Then by Newton-Leibnitz formula 

5^(0, • • • , r, • • • , 0)dr = r(f) - r(0), < t < A. 



/ 



Hence 



Similarly, 



Therefore 



/(O,... ,0)-/(0) 



, r t - TO , ^ 

lim ^ = lim = gJ^). 



/( P,--- ,0 ) - /(O) 

^ V 

lim = 5i,(0). 



^^-(0)=5.(0). 



Then we prove the lemma. □ 
Proposition 3.4. If the singular angle of g at qj is 2it, then qj is a regular point of g. 

Proof Let {U,z) be a local complex coordinate chart around qj such that U \ {qj} C S', z{U) 

is a disk D and ^(gj) = 0. Since qj is a conical singularity of g with the angle 2tt, we suppose 

g = h\dz\'^ on where /i is a positive continuous function on U and is smooth on U\{qj}. 

4K^ dz 
Then F = — — is a nonvanishing holomorphic function on U\{qj} and ui = — on U\{qj}. By 
h F 



onD\ {0} 



4 o 1 

h = --{K - iJLf{K + 2ii) 



2 ■ 
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By Theorem -{K - nfi^K + 2^) is bounded on -D \ {0}, so qj is not a zero of u. 

1 

If qj is a pole of lo, suppose — has the following expression on D \ {0}, 

F 



F z^ z z^ 



m=0 

where ^{z) is a holomorphic function on D with ^*(0) = X-k ^ 0. Therefore 

A- 



—dz + dfi, 



ijj = 
h 

where /i = , _ and /2 is a holomorphic function on D with /2(0) 7^ 0. Then we get on \ {0} 

(--i^)[ln(-2M - i^) - ln(K - /.) - = 

A_iln|z|2 + 2i2e(/i) + ci, (71) 



where A_i, ci G 11. On the other hand, on D \ {0} 



4 n 

/i = --(K-^)2(K + 2/i)^, 



so 



lim(-2/i-i^)(i^-^)2 = 0. 

If limsup-fT = —2^ and liminf ZC = /i, then there exist two sequences {a;^}, {x^} C D \ {0} such 

that — )• 0, x« — )• as ^ — )• 00 and lim K{xe) = —2fi, lim K[x'g) = fi. Pick any /z such that 

£—5-00 

H < fi < —2fi. As £ is big enough, K{x() > jl and K{x'f ) < ft. Then there exists yi which satisfies 
minjlx^l, |x^|} < \yi\ < max{|x£|, |x^|} such that K{y£) = jl. Obviously — >• as ^ — )■ 00, so 

lim (-2^ - K{y,)){K{y,) - = 0, 
s>oo 

which means (—2^ — fi)(jl — /i)^ = 0. It is impossible. Therefore lim K = —2fi or lim K = fi. 
If limiiT = /i, we can use the same method in the proof of Theorem 13.41 to get a contradiction. 

z—>-Q 

Then lim K = — 2u, which means K is continuous on D. Further 

2-S>0 

, -2u-K , , 
hm ^ = A, A>0, 



which implies 



lim'"'-^^7^^''=2t. 

2-s>0 In z 



If k > 1, we can also use the same method in the proof of Theorem 13.41 to get a contradiction. 

Hence k = 1. Then divide both sides of (I7ip by In \z\, let z — >• and take limits to get A_i = — ^. 

3/x^ 

Next by ([7T|). on D \ {0} 

-2^-K = |z|2(K-^)e^/3, 
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where /s is a positive smooth function on D. Therefore on D \ {0} 

h = {K - iif\zWK - ix)e—^ hj]^ 
3 

where is a positive smooth function on D. Then consider the fohowing system of equations 
on L>\{0}: 

= jFh, 

/ \, 3. (72) 

By Lemma 13.81 and the first equation of ()72p . G C^{D). Then using the bootstrap technique 
to (j72|) . we get G C°°{D). Finahy by the second equation of ([72]) . h G C°^{D), which means 
Qj is a regular point of g. 

If (7j is a regular point of w (neither a pole nor a zero of w), then cj = f^{z)dz = df^, where 
/s is a holomorphic function on D. Therefore on D \ {0} 



-i^ [ln(-2^ -K)- IniK - ^) - = h + h + C2, (73) 

where C2 G HI. Let 



a(t) = ln(-2/i - t) - ln(t - fi) t G (fx, -2/x). 

t — ;U 

Then (T(t) has the following property: Vx G R, 3! t G {fi,—2fi), s.t. a{t) = x. The reasons for 
the existence are the continuity of a{t) and 

lim a{t) = —oo , lim a{t) = +oo. 

t-s>(-2/i)- t^fi+ 

The reason for the uniqueness is since 

, 1 1 3u 9u2 



t + 2;U t-fj, (t-/i)2 (t-/i)2(t + 2/i)' 

o"'(t) 7^ 0, G (;U, —2fi). By the property of (j(t), we can define a function T on D such that 
li<T < -2fi and a{T) = (-3^2)(/5 +7^ + C2). Then by the implicit theorem, T G C°°{D). By 
([73]), = T on D \ {0}, so K can be smoothly extended to qj. By (HH) , on D \ {0} 

/. = -^(i^-;u)2(E: + 2M)|/^(z)|2. 

Since K is smooth on D and is a regular point of oj, h is smooth on D, which also means qj 
is a regular point of g. Then we prove the proposition. □ 

Remark 3.1. By Proposition \3.4\ we suppose that the singular angle of g at each q.j, j = 
1, 2, • • • , J, is not 2tt. That is why we suppose aj 7^ 1, j = 1, 2, • • • , J, in Theorem \1.2l 

Next we will get the following theorem for the conical singularities 51, ^2, ■ ■ ■ ^QJ- 

Theorem 3.5. Each qj, j = 1,2,- •• ,J, is a pole or a zero of u. If qj is a zero of u, then 
Oj must be an integer, the order of to at qj is aj — 1, K can be smoothly extended to qj with 
fi < K{qj) < —2fi and dK{qj) = 0. If qj is a pole of oj, then qj is a simple pole of lo, the residue 
aj 

of (jj at qj is ~'^~2 ^^'^ ^ '^^^ continuously extended to qj with K[qj) = —2fi. 
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Proof. Suppose that qj is a regular point of u. Let (W,^) be a local complex coordinate chart 
around qj such that W \ {qj} C S', ^(VF) is a disk D and = . Assume uj = p{C)d^ 

on W, where p(^) is a holomorphic function on D with /9(0) 7^ 0. Then there exists a positive 
continuous function h on D such that on D\ {0} 

^ l(K_^)2(i^ + 2^)|p(^)|2. (74) 



ie|2-2". 3 

Then we can also use the argument in the proof of Proposition 13.41 to get K can be smoothly 
extended to qj with /x < K{qj) < — 2/i. If aj < 1, let ^ — )• and take limits on both sides of 
(|74|) . The limit of the left side is +00 and the limit of the right side is a nonzero real number. 
It is a contradiction. If aj > 1, let ^ — )> and take limits on both sides of ()74p . The limit of the 
left side is and the limit of the right side is a nonzero real number. It is also a contradiction. 
Hence qj is not a regular point of co. 

Suppose qj is a zero of co. Let (1", C) be a local complex coordinate chart around qj such 
that Y \ {qj} C S', CiY) is a disk D and ({qj) = 0. Assume on Y 

CO = CHidC = dH2, 

where 7 is the order of oj at qj, Hi is a holomorphic function on D with i?i(0) 7^ and H2 is 
a holomorphic function on D. Then also by the argument in the proof of Proposition 13.41 we 
have K can be smoothly extended to qj with /i < K{qj) < — 2/u. By (|23|) . dK{qj) = 0. By ([2] 
there exists a positive continuous function h on D such that on D \ {0} 



I CI 2-2".^ 3" 

Therefore 7 = — 1. 

Suppose qj is a pole of oj. Let (C/, z) be a local complex coordinate chart around qj such 

that [/ \ {qj} C S', -z(^7) is a disk Z) and z{qj) = 0. Suppose 5 = e^'^jdzp on [/ \ Then 

_ dz 
F = Ae "^Kz is a holomorphic function on D, is the unique zero of on D and a; = — on 

U \ {qj}. Suppose — has the following expression on D \ {0}: 
F 



i=^ + ... + :^ + ^ + f A„.™ = 2^. (75) 

!< z" z'^ z ^-^ z^ 

m=0 

where ^{z) is a holomorphic function on D with <^(0) = A_fc 7^ 0. Then 

u = — -dz + dfi, (76) 

where /i = , _ and /2 is a holomorphic function on D with /2(0) 7^ 0. Then on D \ {0} 

A_iln|zp + 2i?e(/i) +c. (77) 



where A_i, c G R. 
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On the other hand, there exists a positive continuous function h on D such that on D \ {0} 



Then 

lim{K - tif{K + 2n) = 0. 

2— !>0 



By the same argument in the proof of Proposition [37 



hm K = Li or lim K = — 2u. 

2->0 Z^O 



If Hm K = n, then 

2^0 



K — u 



Multiply both sides of ([77|) by jzl'^+^J ^, let z — > and take limits. The limit of the left side is 
a nonzero real number and the limit of the right side is 0. It is a contradiction. Hence we have 



lim K = —2a. Then 

2^0 



which implies 



-2fi-K 

1™, M2a,-2 = -42, ^2>0, 



, ln(-2u - K) 

lim \ ^ , ^ = 2k + 2q,- - 2. 

2->o ln|2;| 

If k > 1, we can also use the argument in the proof of Theorem 13.41 to get a contradiction. 
Therefore k = 1, that is, qj is a simple pole of u. Then divide both sides of (f77|) by ln|z|, let 

2a,- 

z — )• and take limits. The limit of the left side is ^ and the limit of the right side is 2A_i , 

3/i2 ^ 

so 

Resg^{uj) = A_i = 

Then we prove the theorem. □ 



Therefore we finish the proof of the necessity of Theorem 11.21 

Remark 3.2. By (3) in Theorem \2.3\ and Theorem \3.5\ K is a continuous function on S. By 
the assumption in Theorem \l.S\ and Theorem |g.5l qi,q2r'' jQl which are the saddle points of 
K are the zeros of u and qL+i, Ql+2, • • • ,Qj are the poles of u. 

In the following, we will give formulas for 

Cn= j K^'dg, n = 0,1,2,- •• 

Jt.' 

Obviously, Cq is the area of g, Ci is related to the generalized Gauss- Bonnet formula and C2 is 
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the Calabi energy of g. First 

Cn = [ K'^dg 
Jt.' 

= ^ j^K^Z±^K-tif{K + 2ti)uMJj 



2V^ / K"dK A uj 



n + 1 
2 



lim 



6^0 n+1 Js\(uf^ii?,(pi)Uuf^ii?e(e.)UU^iD.fe)) 

where De{pi){D^{es), Di;{qj)) is a coordinate disk around Pi{es, qj) with the center Pi{es, qj) and 
the radius e. By the Stokes formula, 



[ diK^'+^Co) = 

I S J 

~(JdDe(pi) ^iJdDe{es) ^iJdDeiqj) 



UJ, 

where the directions of the integrations are anticlockwise. Consider 

lim / K''+^io. 

If qj is a zero of oo, suppose on D^Q{qj) 

UJ = pi{z)dz, 

where pi{z) is a holomorphic function on the coordinate disk D^^{(ij). Then Ve, < e < £0) 



JdDeiqj) Jo 



where z = re^ on D^^^qj). Since K and pi are bounded around qj, 

lim / if"+^a; = 0. 

If qj is a pole of oj, suppose on D^^{qj) \ {0} 

oj = — -dz + p2{z)dz, 

where A_i = Resq.{(jj) and p-2{z) is a holomorphic function on the coordinate disk D^^{qj). Then 
Ve, < £ < £i, 



/ K'^+^oo = I K'^+^—dz + p2{z)dz) 

TA_i) / K''+^d0+(b K^'+^p^dz. 

Jo JdDJqA 
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Since 



Similarly, 



lim / K^'+^dO = 27ri^(g,)"+i and lim * K'^+^p^dz = 



lim 



dD,{q,) 



n+l 



lim / K"'+^0 = (-27r^/^)i?eSe.(w)(-2^)"+\ 



lim (p 



n+l 



Therefore we obtain 



n + 



J 



n+li 



j=L+l 



(—A \ ^ ^ 

i=l s=l j=L+l 



Since 



and 



I S J 

s=i i=i+i 



1=1 



-Rese^(w) = s = l,2,--- ,S, 

Resg^iuj) = j = L + l,L + 2,--- ,J, 



C 



3(n + l) 



(78) 



where Omax = 2^(8 + Oj) means the sum of the angles of the maximum points of K. By 

j=L+l 

dZHD, Cn > 0, n = 0, 1,2,-- - , and 



Co = Area{g) = Umax, 



Ci = / Kdg = Umax = 27r(S + aj), 

^- — r I 1 



j=L+l 
C2 =C{g) = -2fiamax- 
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3.2 Proof of the sufficiency of the main theorem 

In this section, we will follow the steps in the proof of the sufficiency of the main theorem in [7]. 
Since w + is exact on S' = S \ {pi,P2, • • • ,Pi, qi,q2r " , QJ, ei, 62, • " " j ^s}, we suppose that 

w + w = dfo, where fn is a smooth function on S'. And we let u = , 

Step 1. Consider the equation on T,' 

-3)dK 

u; + uj 



(X-/.)2(K + 2/.) (79) 
K{po) = Ko, po G S', fi< Ko< -2n. 

Claim 1: (|79p has a unique real smooth solution K on S' such that fi < K < —2fj,. 
Proof. First 

1 1 r 1 1 3u , 



{K - fiy{K + 2fj,) 9^x^'K + 2^x K - fi {K - fiY 
Since w + = d/o, (j79|) is equivalent to 



^K + 2fi K-fi {K-fif A (80) 

^K{po) = Ko. 

Also let 

a{t) = ln(-2/i -t)- ln{t - fi) - t G (/x, -2/i). 

Then by the same argument in the proof of Proposition 13.41 we can define a real function K* 
on S' such that /i < K* < —2fi and 

a{K*) = ^+Ao, (81) 

where = (^{Kq) - By the imphcit theorem, K* G C°°(S'). Since iiT* satisfies ([HI]), 

da{K*) = dj- 

and cj(K*(po)) = (^{^^o), which means K*{pq) = Kq. Therefore K* is a solution of ([80]) . By 
the uniqueness of the solutions of (jST]) . i^* is the uniqueness solution of ([80]) . We prove the 
claim. □ 



In the following, we use K to denote the solution of (j79j) . Since each qi, I = 1,2, L, is 
a zero of a;, /o can be smoothly extended to qi and K can also be smoothly extended to qi with 
H < K{qi) < —2^. Next we have the following claim: 

Claim 2: K can be continuously extended to pi, i = 1,2,- •• ,/, with K{pi) = fi, to g//, I' = 
L + 1, L + 2, ■ ■ ■ ,J, with K{qi') = —2^ and to e^, s = 1, 2, • • • , S, with K{es) = —2fi. 

Proof. First pick any pi and let (U, z) be a local complex coordinate chart around pi such that 
U \ {pi\ C S', z{U) is a disk D and z{pi) = 0. Then suppose 

^\u\{p,} = —dz + drji = ^^^^^dz, (82) 
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where A_i is the residue of uj at pi, rji is a holomorphic function on D and ri2{z) is also a 
holomorphic function on D with r]2{0) = A_i. Then 

(w + u])\u\{p^y = A-idln |zp + 2dRe{7]i) = dfo. 

Therefore 

/o = A„i In \z\^ + 2i?e(r/i) + a* on D \ {0}, 
where a* is a real constant, or equivalently, 

:^ = ^ln|z|2 + 2i?e(^) + ^ on \ {0}. (83) 
AA A A 

Substitute §SI into ([SI]) to get on \ {0} 

3/i 



ln(-2/i -K)- ln{K - fi) 



Oi 



^ln|z|2 + 2i?e(^) + ^ + A 
A A A 

where = '^{Kq) — ^^^^\ or equivalently, on D \ {0} 

(-2// - K) e'— = A*\z\ — e^^^^^\ (84) 

K — jJL 

where A* is a positive constant. Suppose that there is a sequence {z„} in D \ {0} such that 
— )• as n — )• oo and lim K{zn) = b* . Then ^ < b* < —2fi. If 6* 7^ /i, then substitute {zn} 

n— ^-oo 

1 __3m_ 

into ( 1841) ■ let n — )• 00 and take limits. The limit of the left side is (— 2u — b*) e , the 

b* - fi 

limit of the right side is +00 (note A_i > 0). It is a contradiction. Hence b* = fi, which shows 

lim K = n. 

z-s>0 

Similarly, we can prove that 

lim K{p) = —2fi and lim K{p) = —2fj,. 

Then we prove the claim. □ 

Step 2. Define a metric on S' 

g = -^{K-iif{K + 2^i)uCo. (85) 

Claim 3. g is an HCMU metric on S' and K is just the Gauss curvature of g. 

Proof. Let {U,z) be a local complex coordinate chart on E'. Suppose 

UJ = p{z)dz on U. 

Then 

g\u = -\{K-^^f{K + 2i,)\p\''\dz\\ 

Let 

^^ = -^{K-^,)\K + 2^^)\p\^ 
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then 

1 A{K-^,)\-2^^-K)\p\^ 
^2 3 

Therefore 

By m, 

K, = -^{K-pf{K + 2p)p. (87) 

Substitute ([87]) mto ([86]) to get 

^. = \[-p{K^-^?) + '-]. 
2 p 

Then 

<^,,- = -pKK, = ^K{K - pf{K + 2p)\p\^. 

Therefore 

-A99 = Ke^'f, 

which shows K is just the Gauss curvature of g. Meanwhile, 

K,p = -\{K- p)\K + 2p)\p\'' = \e^^, 

so 

which means \/K is a hofomorphic vector field on S'. Hence g is an HCMU metric on S'. □ 

Step 3. Claim 4- 9 is smooth at Cg, s = 1,2, ••• ,S, and satisfies the angle condition at pi, 
^ = 1, 2, • • • , /, and qj, j = 1, 2, • • • , J. 

Proof. Pick any and let ([/, z) be a local complex coordinate chart around such that 
U \ {eg} C S', z{U) is a disk D and z{es) = 0. Suppose that 

^\u\{es} = -dz + drji = -^dz, 

where rji is a holomorphic function on D and r]2{z) is a nonvanishing holomorphic function on 
D. Then 



On the other hand, similar to (|84|) . on D \ {0} 



(_2;x - K)-^e-^ = B^\z\^e^''<"^\ 
K — p 



where Bi is a positive constant. Then 
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4 9 . . 

where B2 = —Bi. Therefore e is continuous and positive on D. Next consider the system of 
3 

equations on Z) \ {0}: 



z „ 
X- = e 

" 4r?2(^) (88) 

Apply Lemma [3.81 to the first equation of (j88]) to get K G C^{D). Then by the bootstrap 
technique, K G C°°(L>) and e'^f G C^iD). And 

4r]2{z) 

hold on D, which shows g is actually an HCMU metric on S* = S\{pi,p2, • • • ,Pi, Qi,Q2,- " j Qj}- 

Pick any and let {V, w) be a local complex coordinate chart around pi such that C 
S', is a disk D and = 0. Suppose 

I ^-1^1 J- ^2(w) ^ 

where A_i = Resp.{uj), rfi is a holomorphic function on D, r]2{w) is also a holomorphic function 
on D with r/2(0) = A_i. Then on D \ {0} 

ln(-2/i - K) - ln(i^ - /x) - = In \w\ + 2Re{%) + a, 

K - ^ A A 



where a is a real constant. Therefore 



lim(i^:-/u)ln|i(;| = A, (89) 

ui— s>0 



where ^ is a nonzero real number. On the other hand, 



that is, 



Then 



e^f = -l(if-p)=(if + 2f,)J*'"''l 



2 



3 \w 



2 



By 



2 3 |tt;p 

w.^ A 111 li 4(-2^-i^)|^2(i^)P 

= ln(K - ;u) -ln|t(;| + -In-^ ^' ^ ^' . 

2 3 



lim ^±i^^ = 0, 

ii)-s>o m\w\ 



which shows pi is a cusp singularity of (7. 

Next pick any qi and let (W, ^) be a local complex coordinate chart around qi such that 
W \ {qi} C S', ^(PF) is a disk D' and .^(g;) = 0. Since qi is a zero of w with ordq^{uj) = a/ — 1, 
suppose 

a;|H/ = r"'^(6'^C, 
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where H{(^) is a nonvanishing holomorphic function on D'. Therefore 

Since fj, < K{qi) < — 2/u, g has a conical singularity at qi with the singular angle 27ra;. 

Finally pick any qi' and let (Y, C) be a local complex coordinate chart around qi' such that 
Y \ {qii} C S' , C(^) is a disk D and C{qi') = 0. Suppose that 

where r?i is a holomorphic function on D and 772(C) is also a holomorphic function on D with 
772(0) = Aai'. Then on 5 \ {0} 

ln(-2/x - i^) - ln(K - /i) - = a;, In |Cp + 2i?e(^) + a, 

where a is a constant. On the other hand, 



Then substitute 

-2n - K = A\C\''"^' {K - ij)e 

into (HDD to get 



5lnw} = ^*(^-^)'^''''^^'^^^^'l^2(C)ncl^""-Vcl^ 

where A and A* are constants. Therefore g has a conical singularity at qi' with the singular 
angle 2Trai'. We prove the claim. □ 

Step 4. <7 has finite area and finite Calabi energy. 

We can use the same method in calculating C„ to get g has finite area and finite Calabi 
energy. 

Hence we finish the proof of the sufficiency of Theorem 11.21 

4 Existence of a kind of meromorphic l-forms on a Riemann 
surface 

We see that the character 1-form w of an HCMU metric on a compact Riemann surface which 
has cusp singularities and conical singularities must have the following properties: 

1. to only has simple poles, 

2. The residue of u; is a real number at each pole, 

3. u + u! is exact on S \ {poles of uj}. 

In fact, on any Riemann surface(compact or noncompact), this kind of meromorphic 1-form 
exists. 
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Theorem 4.1 ([lO])- Let S 6e a Riemann surface andp,q be two distinct points on S. Then 
there exists a meromorphic 1-form uj onTi such that 

1. uj only has two simple poles at p and q with Resp{uj) = 1 and ReSq{oj) = — 1; 

2. UJ + oj is exact on T,\ {p, q}. 

By Theorem 14. H we can get the following theorem: 
Theorem 4.2. Let T, be a Riemann surface, pi,P2r'' iPn be n{n > 2) points on E and 

n 

'^ii'^2)""" 1 -^n ben nonzero real numbers with Aj = 0. Then there exists a meromorphic 

i=l 

1-form UJ on T, such that 

1. UJ only has simple poles at pi,p2, ■ ■ ■ ,Pn with ReSp.{u;) = Xi, i = 1,2, ■ ■ ■ , n; 

2. UJ + UJ is exact on T,\ {pi,P2, • • • ,Pn}- 

Now let S be a compact Riemann surface, cj is a given meromorphic 1-form which satisfies 
the conditions in Theorem 14.21 Then following the proof of the sufficiency of Theorem 11.21 
we can get there exists an HCMU metric which has cusp singularities and conical singularities 
and just has uj as the character 1-form. Meanwhile we can see it is possible that different 
HCMU metrics (even HCMU metrics only with conical singularities and HCMU metrics with 
cusp singularities and conical singularities) have the same character 1-form. 
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